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SU?.%lARY 2 Skin- f r i c t i o n  
S k i n - f r i c t i o n  @ x1 

So * A t u r b u l e n t  s e p a r a t i o n  c r i t e r i o n  i s  developed H r 6  P r o f i l e  form pa rame te r  
t h e o r e t i c a l l y ,  r e l a t i n o  t h e  maximum pr?sswre re- a 

Cfo 

c a v e r y - r a t i o  a t  s e p a r a t i o n  t o  t h e  s k i n - f r i c t i o n  co- Cf S k i n - f r i c t i o n  c o e f f i c i e n t  
e f f i c i e n t  a t  t h e  s t a r t  o f  t h e  adve r se  g r a d i e n t ,  i . e .  
t h e  p o i n t  of m i n i m u m  p r e s s u r e  on h y d r o f o i l  o r  sob- 
meroed body. T h i s  c r i t e r i o n  s h o w s  v e r y  good ag ree -  
ment w i t h  t h e  r e s u l t s  o f  f i v e  expe r imen ta l  runs 
f r o m  s e v e r a l  t e c h n i c a l  s o t ~ r c e s .  Cp, P r e s s u r e  c o e f f i c i e n t  Q xs 

S k i n - f r i c t i o n  c o e f f i c i e n t  @ x1 

CP Pres su re  c o e f f i c i e n t  

Ro=, F r i c t i o n  e q u i v a l e n t  f l a t - p l a t e  Reynolds 

e 

X.UM 
A method of computinu t h e  s k i n - f r i c t i o n  i s  a l s o  

q iven  and it has  been a p p l i e d  t o  t h r e e  expe r imen ta l  N u m b e r  
r i ins;  t h e  ag reenen t  i s  good i n  two cases and poor  
i n  t h e  t h i r d .  The p r e s e n t  t h e o r y  i n d i c a t e s  t h a t  V F l u i d  k inemat i c  v i s c o s i t y  
s e p a r a t i o n  w i l l  m v e  upstream w i t h  i n c r e a s i n g  
Reynolds )!umber, t h e r e f o r e  a f f e c t i n g  s u b s t a n t i a l l y  
t h e  s c a l i n n  proced, i re  from model t e s t  t o  p r o t o t y p e ' s  

F l u i d  mass d e n s i t y  

I NTROnUCTION 
The t h e o r y  a l s o  i n d i c a t e s  t h a t  i n v i s c i d  p r e s s u r e  
p r o f i l e s  w s t  be c o n s i d e r e d  i n  r e l a t i o n  t o  t h e  
d e s i r e d  o p e r a t i o n a l  Reynolds Number, s i n c e  t h e  
e f f e c t i v e  p re s s 'me  q r a d i e n t s  and t h e  p r e s s u r e  r e -  
cove ry  r a t i o  w i l l  chanue. The p r e s e n t  t h e o r y  i s  
based on t h e  ass1mptions o f  d i s s i p a t i v e - r e g i o n  
s i m i l a r i t y  under any p r e s s u r e  g r a d i e n t  and of a 
c o n s t a n t  t o t a l - h e a d  l i n e  a t  a f i x e d  d i s t a n c e  from 
t h e  w a l l  under adve r se  p r e s s u r e  g r a d i e n t s .  T h i s  
l a t t e r  a s s ' i np t ion  has  been found t o  ho ld  o n l y  ap- 
p rox ima te1y ; i t  a f f e c t s  t h e  s k i n - f r i c t i o n  c a l c u l a t i o n  
but  no t  t h e  s e p a r a t i o n  c r i t e r i o n .  

LIST OF SYPaOLS 

x St reanwise  d i s t a n c e  
S t r e a r w i s e  s e p a r a t i o n  d i s t a n c e  

YC 
S O  

3 
, Bo 

L 
C 
U 

P o i n t  o f  m i n i m u m  p r e s s u r e  and s t a r t  of 
adve r se  p r e s s u r e  g r a d i e n t  

Eqt i ivalent  r e f e r e n c e  l e n g t h  
n i s t a n c e  from t h e  w a l l  
D i s t ance  of asslimed c o n s t a n t  t o t a l - h e a d  l ine 
Boiindary-layer t h i c k n e s s  B x1 
Thickness  o f  l amina r  sub laye r  
h'owntum thic 'kness  
%mentum t h i c k n e s s  @ x1 
Body l enu th  
A i r f o i l  Chord 
V e l o c i t y  o u t s i d e  bcrvindary-layer @ x 
V e l o c i t y  o u t s i d e  bollniiary-layer @ XI 

Free-st ream v e l o c i t y  
I'ean x - v e l o c i t y  w i t h i n  boundary-layer 
?Mean y - v e l o c i t y  w i t h i n  boundary-layer  
I'ean x - v e l o c i t y  w i t h i n  boundary-layem y=yc 
h'ea n x-ve l o c i  t y w i t h i n  boundary- 1 aye@yc, xs 
F r i c t i o n a l  v e l o c i t y  
F r i c t i o n a l  v e l o c i t y  I? XI 

F r i c t k o n a l  v e l o c i t y  63 x,, 
S t a t i c  p r e s s u r e  (assumbb c o n s t a n t  a c r o s s  

S t a t i c  p re s su re ,  x 1  + 
S t a t i c  p re s s t i r e  B xs 
T o t a l  p re s su re ,  
T o t a l  p r e s s u r e  6 yc 

. .  .. boundary- l a y e r )  . .  
. -  : 

. .  

The problem o f  t u r b u l e n t  f l ow s e p a r a t i o n  has  
been and s t i l l  r ema ins  t h e  fundamental  problem of 
hydrodynamics. The p r e d i c t i o n  o f  t u r b u l e n t  sepa- 
r a t i o n  would a l low t h e  c a l c u l a t i o n  o f  t h e  a c t u a l  
p r e s s u r e  d i s t r i b u t i o n  a n  a h y d r o f o i l  or on a sub- 
merged body and t h e r e f o r e  a l low t h e  p r e d i c t i o n  o f  
a c t u a l  hydrodynamic f o r c e s  and moments. F u r t h e r  
more, s c a l e  e f f e c t s  between models and p r o t o t y p e s  
can be a c c u r a t e l y  a s s e s s e d  o n l y  through an under- 
s t a n d i n s  o f  t h e  phenomenon of s e p a r a t i o n .  

Furthermore,  l i t t l e  i s  known a s  y e t  abou t  t h e  
i n v e r s e  problem, i.e. t h e  problem of d e s i g n i n g  t h e  
most s u i t a b l e  adve r se  p r e s s u r e  g r a d i e n t  f o r  maximum 
l i f t / d r a g  r a t i o  o f  h y d r o f o i l s  o r  f o r  minimum d r a g  
o f  submerged bod ies  o f  maximum displacement .  

The adve r se  p r e s s u r e  g r a d i e n t  may be chosen t o  
be o f  l i n e a r ,  concave o r  convex p r o f i l e  o r  it may 
be chosen t o  be s t epwise  d i scon t inuous ,  a s  w i t h  
the G r i f f  i t h-type p r e s s u r e  d i s t r i b u t i o n ,  where 
boundary-layer  c o n t r o l  i s  r e q u i r e d  t o  a c t u a l l y  
ach ieve  t h e  p r e s s u r e  r ecove ry .  There a r e  s e v e r a l  
methods a v a i l a b l e  f o r  t h e  c a l c u l a t i o n  of t h e  incan r  
p r e s s i b l e  t u r b u l e n t  boundary-layer  under  adve r se  
p r e s s u r e - g r a d i e n t s ,  a l l  r a t h e r  l a b o r i o u s  f o r  
p r a c t i c a l  usaqe by the  hydrodynamic des igne r .  
Gene ra l ly ,  t h e s e  methods employ t h e  momentum i n t e -  
g r a l  e q u a t i o n ,  w i t h  a u x i l i a r y  e q u a t i o n s  f o r  t h e  
s k i n  f r i c t i o n  and f o r  t h e  p r o f i l e  form parameter  H. 
The parameter  H i s  u s u a l l y  t a k e n  a s  a g r o s s  index 
o f  s e p a r a t i o n .  

B. Thwaites '  g i v e s  an  e x c e l l e n t  d i s c u s s i o n  o f  
such methods, which needs n o t  be r e p e a t e d  he re .  
C. C. S t ewar t2  h a s  reviewed s i x  such methods and 
t e s t e d  them a g a i n s t  t h e  expe r imen ta l  r e s u l t s  o f  
Von Doenhoff and Tetervin3, Schubauer and 
Klebanoff4 and o f  Clauser5.* 

*Note: These resul ts  a r e  r e f e r r e d  t o  l a t e r  i n  t h i s  
pape r  a s  Data S e t s  I, I1 ?. I V .  
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It i s  seen t h a t  a l l  t h e  methods f a i l  a g a i n s t  t h e  
resu l t s  o f  t h e  C l a u s e r  p regsu re  d i s t r i b u t i o n  No 2. 
The method o f  Truckenbrodt  appea r s  t h e  most s u i t -  
a b l e  f o r  e n g i n e e r i n q  usage and a l s o  it p r o v i d e s  
t h e  l e a s t  boor agreement,  among a l l  methods, w i t h  
t h e  C l a u s e r  results.  v 

Having a t t a i n e d  t h e  momentum t h i c k n e s s  Q afld 
t h e  form p a r a m  e r  H, it i s  p o s s i b l e  t o  employ t h e  
Ludwieg-Tillman 
f r i c t i o n  and t o  a l s o  e s t i m a t e  t h e  s e p a r a t i o n  p o i n t  
by e x t r a p o l a t i n p  t h e  computed s k i n - f r i c t i o n  curve 
t o  ze ro  (provided,  o f  cour se ,  t h a t  'J and H v a l u e s  
are computed c o r r e c t l y ) .  

-i e q u a t i o n  t o  o b t a i n  t h e  sk in -  

I t  wo,, ld be p o s s i b l e  t o  concliide t h a t  t h e  
ahove methods were adequate  i f  it wasn ' t  f o r  t h e  
ev idence  of t h e  so -ca l l ed  ' e q u i l i b r i u B "  boundary- 
l a y e r s  o f  C l a u s e r  and 3. S. S t r a t f o r d  , where H 
f l a t t e n s  oiit r a t h e r  t h a n  i n c r e a s i n g  sha rp ly .  The 
e q u i l i b r i u m  boundary-layers ,  produced by a p a r t i -  
c u l a r l y  concave p res s l i r e  d i s t r i b u t i o n ,  will r u n  
, w i t h  p r o f i l e  s i m i l a r i t y  d e s p i t e  t h e  adve r se  
g r a d i e n t .  'Nhether such boundary-layer w i l l  o r  w i l l  
no t  s e p a r a t e  e v e n t , i a l l y ,  the a l lowab le  p r e s s u r e  
r ecove ry  i s  f i n i t e  bscause of t h e  shape o f  t h e  
p r e s s w e  d i s t r i h u t i o n  becominq asymptot ic .  

ANALYSIS 

Gene pa 1 

The p r e s e n t  a n a l y s i s  i s  based on  two p h y s i c a l  
o b s e r v a t i o n s  r e a a r d i n q  c o n d i t i o n s  w i t h i n  a n  i n -  
compress ib l e  two-dimensional t i i rbi i lent  bowndary- - 
l a y e r  'inder adve r se  p r e s s u r e  q r a d i e n t s .  Both 
o b s e r v a t i o n s  a r e  d i r e c t l y  v e r i f i e d  by expe r imen ta l  
ev idence .  The conc l i i s ions  concerninn p r e d i c t i o n  
o c  t h e  s d n a r a t i o n  p res su re - r ecove ry  r a t i o  and of 
t h i  s k i n - f r i c t i o n  t r e n d  a r e  v e r i f i e d  a g a i n s t  f i v e  
exp- r imen ta l  runs. 

n i s s i o a t i v e  3eqian S i m i l a r i t y  

- 
The CiTst  o h s s r v a t t o n  p e r t a i n s  t o  t h e  so- 

ca!.led d i s s i p a t i v e  r e q i o n  $within t h e  boundary- 
l a y e r .  Accordin? t o  t h e  ene rqy  a n a l y s i s  p r e s e n t e d  
b.! Townsend9, t h e  t u r b t i l e n t  boundary-layer  may be 
d i v i d e d  i n t o  t h e  f o l l o w i n g  r eg ions ,  on t h e  h a s i s  
o f  ene rqy  flow c o n s i d e r a t i o n s :  

1. I n  t h e  mixing r eg ion ,  o r  o u t e r  p o r t i o n ,  
t h e  ene rgy  f low from the f r ee - s t r eam is cap tu red ,  
so t o  speak, by a c y l i n d r i c a l  vo r t ex .  For instance,  
t h e  f u n c t i o n  o f  t h e  s o - c a l l e d  v o r t e x  g e n e r a t o r s  i s  
t o  s t r e n g t h e n  t h e s e  c y l i n d r i c a l  v o r t i c e s  and 
i n c r e a s e  the ene rgy  in t e rchange .  

2. I n  t h e  ene rgy  t r a n s f e r  r eg ion ,  o r  t h e  
middle p o r t i o n ,  t h e  en_erqy f low o f  t u r b u l e n t  
ene rgy  p roduc t ion  r% - i s  d i r e c t e d  toward t h e  
wal l .  a y  

3. In t h e  d i s s i p a t i v e  r eg ion ,  o r  t h e  i n n e r  
p o r t i o n  which  i n c l u d e s  t h e  l amina r  s u b l a y e r ,  a l l  
t h e  ene rqy  flow i s  absorbed and d i s s i p a t e d .  

I n  t h e  d i s s i p a t i v e  r e g i o n  t h e  ene rgy  a b s o r p t i o n  
m u s t  occu r  a t  such h igh  r a t e s  t h a t  d i s s i p a t i o n  w i l l  
be t h e  predominant c h a r a c t e r i s t i c  and t h e r e f o r e  
t h e r e  w i l l  be s i m i l a r i t y  of t h e  v e l o c i t y  p r o f i l e s  
on  t h e  b a s i s  o f  some d i s s i p a t i o n  parameter .  

It should be noted aga in  t h a t  s i m i l a r i t y  
v 

should always be expec ted  o n l y  i n  t h e  d i s s i p a t i v e  
r e g i o n  c l o s e  t o  t h e  w a l l ,  and no t  i n  t h e  rest o f  
t h e  boundary-layer .  Only i n  t h e  s p e c i a l  c a s e  o f  
e q u i l i b s i u m  boundary-layers ,  a s  demons t r a t ed  by 
C l a u s e r  
f o r  t h e  complete boundary-layer  under  a d v e r s e  
p r e s s u r e - g r a d i e n t s .  Experimental  proof  o f  d i s -  
s i p a t i v e - r e g i o n  s i m i l a r i t y  i s  g iven  by udwieg and 
Ti l lman7 and by Schlrbauer and Klebanoff . Data 
from boundary-layer p r o f i l e s  r ang ing  from f l a t -  
p l a t e  t o  s e p a r a t i o n  a r e  p l o t t e d  t o g e t h e r  i n  t h e  
Karman l o g a r i t h m i c  
and shown i n  Fig.  1 and i n  Fig.  2 . 

and S t r a t f o r d '  can s i m i l a r i t y  he expec ted  

$. 

anne r ,  i.e. u/x* VS. log,. W/y ni 

f t  i s  seen  t h a t  u p  t o  U/U* = 2 0  and u p  t o  
yu* /~  = 500, a l l  d a t a  p o i n t  f a l l  on one u n i v e r s a l  
cu rve ,  r e g a r d l e s s  of p r e s s u r e  g r a d i e n t ,  tip t o  
s e p a r a t i o n .  I n  Fig.  2 t h e  v e l o c i t y  p r o f i l e  b e q i n s  
d e v i a t i n g  a t  yu*/u = 100 f o r  t h e  x = 25.0 f t .  
s t a t i o n .  S i n c e  s e p a r a t i o n  i s  observed a t  x = ,25,4 
f t . ,  t h e  p r o f i l e  d e v i a t i o n  can w e l l  be expec ted  a t  
x = 25.0 f t .  

However, even t h i s  d e v i a t i o n  w i l l  no t  a f f e c t  
t h e  a n a l y s i s ,  a s  w i - 1 1  be d i s c u s s e d  i n  t h e  n e x t  
s e c t i o n ,  because t h e  yu*/u v a l u e s  of i n t e r e s t  near 
s e p a r a t i o n  w i l l  be much l e s s  t h a n  100 and ac t iua l ly  
o f  t h e  o r d e r  o f  10. The v a l u e s  o f  u* employed i n  
p l o t t j n g ' t h e  p r o f i l e s  o f  Fig.  2 a r e  no t  t h e  hot-  
w i re  expe r ime  t a l  s k i n - f r i c t i o n  d a t a  o f  Schubauer  
and Klebanoff but  a r e  somewhat lower and a r e  shown 
i n  Fig.  10. 

a 

As it i s  g e n e r a l l y  ag reed ,  t h e  hot-wire  d a t a  
are c o n s i d e r a b l y  t o o  h igh ,  a t  l e a s t  by a f a c t o r  o f  
1.25. A t  t h e  17.5 f t .  s t a t i o n  ( s t a r t  o f  p r e s s u r e  
g r a d i e n t )  t h e  hot-wire  s k i n - f r i c t i o n  v a l u e  should 
ag ree  w i t h  t h e  co e n t i o n a l  f l a t - p l a t e  formulae,  
such a s  F a l k n e r ' s  , Schulz-Grunow'sll, e t c .  An 
expe r imen ta l  method f o r  t h e  d e t e r m i n a t i o n  o f  t h e  
s k i n  f r i c t i o n  may be d e r i v e d  from t h e  above con- 
c l u s i o n s ;  it would be s u f f i c i e n t  t o ,measu re  t h e  
v e l o c i t y  a t  some f i v e  p o i n t s ' w i t h i n  t h e  d i s s i p a t i v e  
r e g i o n  and t h e n  f i n d  by t r i a l - a n d - e r r o r  t h e  va lue  
o f  ii* f a r . - rh i ch  t h e  p o i n t s  b e s t  f i t  t h e  u n i v e r s a l  
curve.  A sma l l  wall-mounted f i x e d  r a k e  ivoiild be a 
s u i t a b l e  t o o l  f o r - t h i s  method. I f  t h e  y v a l u e  i s  
f i x e d ,  as w i l l  be d i s c u s s e d  l a t e r ,  yu*/p w i l l  a l -  
ways d e c r e a s e ;  i .e .  if  t h e  i n i t i a l  y-point  f a l l s  
w i t h i n  t h e  d i s s i p a t i v e  r e g i o n ,  a l l  downstream 
p o i n t s  a t  c o n s t a n t  y w i l l  a l s o  f a l l  w i t h i n  t h i s  
r e g i o n .  

The ev idence  f o r  t h e  d i s s i p a t i v e  r e g i o n  
s i m i l a r i t y  up t o  s e p a r a t i o n  i s  g e n e r a l l y  accep ted ,  
having t e e n  r ecogn iz  
workers  (Goldschmied", Clauser5,  e t c .  ). unfor-  
t u n a t e l y  C lause r ,  w h i l e  r e c o g n i z i n g  t h e  s i m i l a r i t y  
( a s  shown i n  h i s  Fig.  4 )  and e x p l o i t i n g  it f o r  t h e  
d e t e r m i n a t i o n  o f  t h e  s k i n - f r i c t i o n  law f o r  e q u i l i -  
brium boundary-layers ,  f a i l s  t o  d i s p l a y  t h e  d a t a  
f o r  h i s  own e q u i l i b r i u m  p r o f i l e s .  

m 

i n  t h e  p a s t  by s e v e r a l  

Cons tan t  T o t a l  Head L i n e  

The second o b s e r v a t i o n  p e r t a i n s  t o  t h e  t r e n d  
o f  t o t a l - h e a d  a t  f i x e d  y d i s t a n c e s  from t h e  w a l l ,  
w i t h i n  a t u r b u l e n t  boundary-layer unde r  a d v e r s e  
p r e s s u r e  g r a d i e n t s .  It is w e l l  known t h a t  t h e  
t o t a l  head remains c o n s t a n t  i n  t h e  f r e e - s t r e a m  a t  
Very l a r q e  y d i s t a n c e s  from t h e  wa l l .  A t  t h e  wall 
i t s e l f ,  t h e  s t a t i c  p r e s s u r e  i n c r e a s e s  by d e f i n i t i o n  
( a d v e r s e  p r e s s u r e  g r a d i e n t ) .  It h a s  lonq been 
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r e c o g n i z e d  t h a t  w i t h i n  t h e  boundary-layer a t  compar- 
a t i v e l y  l a r g e  y d i s t a n c e s  from t h e  w a l l  t h e  t o t a l  
head d e c r e a s e s .  I n  f a c t ,  on  a f l a t  p l a t e  w i t h  ze ro  
g r a d i e n t s ,  t h e  t o t a l  head d e c r e a s e s  a t  a l l  y > 0  
d i s t a n c e s .  

However, what i s  n o t  g e n e r a l l y  r ecoqn ized  i s  
t h a t  under  adve r se  p r e s s u r e  q r a d i e n t s ,  a t  small  y 
d i s t a n c e s  from t h e  w a l l ,  t h e  t o t a l  head d e f i n i t e l y  
i n c r e a s e s ,  which means t h a t  e x c e s s  e n e r g y  i s  be ing  
s , i p p l i e d  t o  t h e  f l u i d  l a y e r .  However s t r a n g e  t h i s  
n o t i o n  may seem a t  f i r s t ,  i t  i s  i n  agreement w i t h  
t h e  concep t  o f  t h e  d i s s i p a t i v e  l a y e r  r e c e i v i n g  t h e  
ene rqy  f low t r a n s f e r r e d  down from t h e  ene rgy  t r a n s -  
f e r  r e q i a n .  Some expe r imen ta l  evidence seems t o  
i n d i c a t e  t h a t  such i n c r e a s i n g  t o t a l - h e a d  l i n e s  a r e  
independen t  o f  p r e s s u r e  g r a d i e n t ,  a t  l e a s t  when t h e  
a d v e r s e  p r e s s u r e  g r a d i e n t  i s  not  t oo  high.  Fig.  3 
shows the t o t a l  head a h  a g a i n s t  s t reamwise d i s t a n c e  
x f o r  both a weak and a s t r o n g  p r e s s u r e  g r a d i e n t ,  a s  
a d i s t a n c e  y = 0.040" o r  Y/& = 0405 (where So i s  t h e  
i n i t i a l  boundary-layer  t h i c k n e s s ) .  It i s  seen t h a t  
ba th  t r e n d s  a r e  p r a c t i c a l l y  t h e  same. The adve r se  
p r e s s u r e - g r a d i e n t  s t a r t s  a t  x = 0. Fig.  3 i s  p l o t -  
t e d  from some unpub l i shed  NACA d a t a  by Goldschmiedl3. 
Fig.  4 shows a complete  p l o t  o f  h-%/&PUz VS. 
x a t  c o n s t a n t  y from t h e  d a t a  of Schubauer  and Kleb- 
anof f4 .  It i s  seen  t h a t  t h e r e  a r e  l i n e s  o f  dec reas -  
i n g  t o t a l - h e a d  pa rame te r  f o r  y=1.00", ys0.50" and 
y=0.40" and l i n e s  of i n c r e a s i n q  t o t a l - h e a d  parameter 
f o r  y=O and ~ 0 . 1 0 " .  A t  y=0.23" t h e r e  i s  a l i n e  of 
- s u b s t a n t i a l l y  c o n s t a n t  t o t a l - h e a d ,  bounded by t h e  
i n c r e a s i n g  t r e n d s  and by t h e  d e c r e a s i n g  t r e n d s .  
Fig.  5 shows a comparable p l o t  f o r  what i t  i s  c l a i m -  
ed t o  be t h e  extreme p r e s s u r e - g r a d i e n t  c a s e ,  namely 
t h e  zero-  r i c t i o n  e q u i l i b r i u m  experiment  o f  
S t r a t  f ord'. ' 

It i s  seen  t h a t  t h e r e  a r e  t r e n d s  a t  c o n s t a n t  y 
d i s t a n c e  which a r e  both d e c r e a s i n g  and t h e n  i n c r e a s -  
i n g ,  t h u s  i n d i c a t i n g  t h a t  t h e r e  cannot  be a l i n e  of 
s u b s t a n t i a l l y  c o n s t a n t  t o t a l - h e a d ,  a l though  t h e r e  
i s  a l i n e  w i t h  t h e  same t o t a l  head v a l u e  a t  t h e  
beg inn inu  and a t  t h e  end. I f  u s e f u l  r e s u l t s  c a n  be 
achieved,  i t  is  p e r m i s s i b l e  t o  make t h e  + i m  le 
assumption,  a s  si iogested by Goldschmied&at 
t h e r e  i s  i n  a l l  c a s e s  a l i n e  a t  c o n s t a n t  y with 
exactly c o n s t a n t  t o t a l - h e a d .  I f  t h i s  l i n e  e x i s t s ,  
i t  shoiild be somewhere i n  t h e  d i s s i p a t i v e  r e g i o n  
and t h e r e f o r e  it w i l l  be assumed t o  be independent  
o f  p r e s s u r e  d i s t r ib1 . i t i on  ( a l though  it h a s  been seen  
t h a t  it i s  n o t  a lways t r u e ) .  

I f  t h e  boundary-layer  i s  known i n i t i a l l y  a t  
the  p o i n t  o f  m i n i m u m  p r e s s u r e ,  t h e  problem a r i s e s  
o f  de t e rmin ing  t h e  t o t a l - h e a d  v a l u e  of t h i s  assumed 
c o n s t a n t  t o t a l - h e a d  l i n e  and i t s  y d i s t a n c e  from 
t h e  wa l l .  The o u t e r  edge o f  t h e  d i s s i p a t i v e  r e g i o n  
w i l l  be a r easonab le  cho ice  a s  t h e  s t a r t i n g  p o i n t  
o f  t h i s  l i n e ;  it i s  t o  be noted t h a t  i f  t h e  t o t a l -  
head o f  t h e  edge o f  t h e  d i s s i p a t i v e  r e g i o n  i s  p l o t -  
t e d  a g a i n s t  s t r e a n w i s e  d i s t a n c e ,  a minimum w i l l  be 
shown a t  t h e  p o i n t  a t  minimum s t a t i c  p r e s s u r e ,  
because. it d e c r e a s e s  qnde r  f a v o r a b l e  g r a d i e n t s  and 
i t  i n c r e a s e s  under  a d v e r s e  g r a d i e n t s .  A q u a n t i t a -  
t i v e  a n a l y s i s  may then  be at tempted,  t o  be a p p l i e d  
t o  f i v e  d i f f e r e n t  s e t s  o f  expe r imen ta l  d a t a  f o r  
c r i t i c a l  demons t r a t ion  o f  t h e  r e s u l t s .  

From F igs .  1 and 2, t h e  o u t e r  edge o f  t h e  d i s -  
s i p a t i v e  r e g i o n  i s  c h a r a c t e r i z e d  approx ima te ly  by: 
U/U* = 2 0  and yu*/v = 500.* 

from t h e  w a l l  w i l l  be o iven  by: yc = SOOv/Y,,*. 

h e r e f o r e  t h e  t o t a l  head 
w i l l  be: hc = 1 / 2 e ( 2 0  11, ) 3 t p,. The d i s t a n c e  

De te rmina t ion  o f  S k i n - F r i c t i o n  

A t  some downstream s t a t i o n  ( a t  y=yc), h=hc and 
t h e  v e l o c i t y  uc may be found a s  fo l lows :  

P, + e (ZOU::)2' P + i  CY: 
.J 

Notinq t h a t  

t h e n  

I t  can be w r i t t e n  

Now Cp i s  known from t h e  p r e s s u r e  d i s t r j b u t i o n ,  
o b t a i n e d  e x p e r i m e n t a l l y  or t h e o r e t i c a l l y .  
Cp, and Pm r e p r e s e n t  t h e  v e l o c i t y ,  p r e s s u r e  co- 
e f f i c i e n t  and p r e s s u r e  r e s p e c t i v e l y  a t  t h e  p i n t  of 

= ~ 2 0 0 C & , - C p  
UM 

I f  U,>, 

minimum p r e s s u r e :  v 2  c p  = 1 -(-) 
Vrv! 

Ut4 where v = !- , vh, = n;; 
1'0 

and Uo i s  t h e  f r ee - s t r eam o r  f l i g h t  v e l o c i t y .  Thus 
when u and y = yc a r e  !mown, t h e  s k i n - f r i c t i o n . c o -  
e f f i c i e n t  cf  may be found a s  fo l lows :  

Take G = g  e 
K= 

and 

Then 

On t h e  o t h e r  hand: K = A +  8 ** 
and y./u = 50O/ito'  

From Figs .  1 and 2: A = 6.67, B = 4.93 
and s u b s t i t u t i n g  f o r  G, t h e r e f o r e :  

The two e q u a t i o n s  f o r  G may be s o l v e d  g r a p h i c a l l y  
and t h e  G va lue  determined f o r  each Cp and f a r  a 
known i n i t i a l  s k i n  f r i c t i o n  c o e f f i c i e n t  Cfs 

and CJ Cfe 6' $ 
Fig.  6 shows Cf p l o t t e d  a g a i n s t  Cp f o r  s e v e r a l  
valf les  o f  Cf,. 

J K = 6.67 t 4.93 log,, [ 50x1 

\ l X h / G  * 6.67+4.93 loq,, [SOOG] 

It i s  t o  be noted t h a t  t h e  c u r v e s  o f  Fig. 6 

It h a s  been 
a r e  based on t h e  p r e v i o u s  assumptions t h a t  t h e  t o t a l  
head i s  e x a c t l y  c o n s t a n t  a t  y = yc. 
a l r e a d y  seen  t h a t  t h i s  assumption a g r e e s  wel l  w i t h  
t h e  d a t a  o f  Schubauer and Ylebanoff b u t  it a g r e e s  
o n l y  p o o r l y  w i t h  t h e  d a t a  o f  S t r a t f o r d .  

T u r b u l e n t  S e p a r a t i o n  C r i t e r i o n  

To e s t a b l i s h  a t u r b u l e n t  s e p a r a t i o n  c r i t e r i o n ,  
t h e  h y p o t h e s i s  i s  made t h a t  s e p a r a t i o n  o c c u r s  ( f o r  
the  purposes  o f  t h e  p r e s e n t  t h e o r y )  when the 
assumed c o n s t a n t  t o t a l - h e a d  r e a c h e s  t h e  edge o f  t h e  
l amina r  sub laye r .  

I f  t h e  Reynolds e q u a t i o n  is w r i t t e n  a t  t h e  
l i n e  o f  c o n s t a n t  tot .al-head, by d e f i n i t i o n :  

J / a X  (u:/2 + P/e) = 0 
There fo re :  v- w/ay = V J ~  (Y ~/~jh$,(-&j 
whi le  a t  t h e  w a l l  i t s e l f :  +'y(Y a U / J j ) *  !/e $ 
A t  t h e  s e p a r a t i o n  p o i n t  it i s  assumed t h a t  Yc = 41. 
While t h e  v e l o c i t y  p r o f i l e  w i t h i n  t h e  s u b l a y e r  
unde r  adve r se  p r e s s u r e  g r a d i e n t  canno t  be e x a c t l y  
l i n e a r  due t o  t h e  above w a l l  c o n d i t i o n ,  it h a s  been 

v' 
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found e x p e r i m e n t a l l y  t h a t  t h e  v e l o c i t y  p r o f i l e  i s  
s u b s t a n t i a l l y  l i n e a r .  Pe rhaps  t h i s  is  so because 
t h e  v e l o c i t y  g r a d i e n t  induced by JP/SX o c c u r s  o n l y  
l o c a l l y  a t  t h e  v e r y w a l l .  F igs .  1 and 2 show s i m i -  
l a r i t y  f 3 r  a l l  p r o f i l e s  a t  t h e  edge of t h e  sub laye r .  
Thus a t  yc = $1 cor re spond ing  t o  yc U"/v = I1 : 

Furthermore,  i t  i s  known t h a t  t h e s h e a r  c o r r e l a t i o n  
v a n i s h e s  n e a r  t h e  s u b l a y e r ,  ( -u 'v ' ) i  0 . I t  
m i s t  f o l l o w  t h a t  J 6 
However, s i n c e  t h e  i n t e g r a l  cannot  go t o  ze ro  be- 
cause  t h e  f u n c t i o n  is f i n i t e ,  a t  l e a s t  a t  t h e  upper 
l i m i t , P u b y  must go t o  zero.  The f a c t  t h a t  a u / a y  
becomes z e r o  s a t i s f i e s  the conven t iona l  d e f i n i t i o n  
o f  s e p a r a t i o n .  S e p a r a t i o n  should t h e n  ensue  when  
t h e  assumed c o n s t a n t  t o t a l - h e a d  l i n e  r e a c h e s  the  
l amina r  s u b l a y e r .  

a/ay ( Y au /ay )  = o 

aY 0 ax ~ Y = O  

I n  t h e  l amina r  sub - l aye r ,  as sugges t ed  by Von 
I n  the d i s s i p a t i v e  r eg ion :  

The l i m i t  o f  t h e  
Karman: u/u* = yu*/v . 
U/U* = 6.67 t 4.93 loglo yu*/y . 
l a m i n a r  s u b l a y e r  i s  o b t a i n e d  a t  t h e  i n t e r s e c t i o n  o f  
t h e  *NO e a u a t i o n s  a t :  u/u* = vu*/v = 12. A t  t h e  

Date S e t  

I -  

11. - 
111. - 
IV. - 
v -  

Author:  Von Doenhoff and T e t e r v i n 3  1943 
T e s t  Run: NACA 65(216)222 A i r f o i l  
@d= 10.10 
Author:  Schubauer  and Klebanoff4 1950 
Tes t  Run: Main T e s t  

Author: Sandborn16 1953 
Tes t  Run: 25" 'WG. S u c t i o n  

Author: Clause'r5 1954 
Tes t  Run: P r e s s u r e  D i s t r i b u t i o n  No. 2 

Author:  S t r a t f o r d '  1959 
T e s t  Run: Main Tes t  

It i s  t o  be noted t h a t  t h e  s k i n - f r i c t i o n  i s  g i v e n  
comple t e ly  o n l y  i n  I1 and 111. FOP t h e  e q u i l i b r i m  
l a y e r s  I V  and V s e p a r a t i o n  i s  no t  i n d i c a t e d  by t h e  
a u t h o r s ,  a l tho ' iqh i t  i s  ms t  p robab le  t h a t  it d i d  
o c c u r  somewhere downstream; however, s i n c e  such 
p r e s s u r e  d i s t r i b u t i o n s  become e v e r  f l a t t e r  stream- 
wise, it i s  e a s y  t o  e s t i m a t e  t h e  maximum p r e s s u r e -  
r e c o v e r y  r a t i o  a c h i e v a b l e .  

I , _  
p o i n t  o f  minimum p r e s s u r e  ( s t a r t  o f  t h e  adve r se  
g r a d i e n t ) :  YCU& 500. 

T h e r e f o r e  
S i n c e  UO'= urn d w ~  

Data Reduc t ion  
A t  t h e  p a i n t  o f  S e p a r a t i o n  

As sugges t ed  by t h e  p r e s e n t  t h e o r y ,  t h e  YCUS*/Y = 12. V 
US"/U,* = 12/500 = 1/41.5 s e v e r a l  p r e s s u r e  d i s t r i b u t i o n s  w i l l  be p l o t t e d  i n  

t h e  f o r m  C,+/Cfo VS. x/xO. The norma l i z ing  l .enqth 
xo i s  d e f i n e d  a s  t h e  e q u i v a l e n t  l e n g t h  o f  f l a t -  
p l a t e  run a t  ve loc i . t y  V,, which i s  r e q u i r e d  t o  
produce a l o c a l  s k i n - f r i c t i o n  C o e f f i c i e n t  e q u a l  t o  
t h e  acti . lal  Cfo o f  t h e  t e s t .  A t  s e p a r a t i o n ,  Cps/cfo 
sho)r ld  a lways be i n  t h e  v i c i n i t y  o f  200. 

Data S e t  I: 
A t  s t a r t i n g  p o i n t  0 , / c  = 0 . 5 5 %  IO-', KJee./~1'1.45~10' 

A i r f o i l  Reynolds Number R = X = j , @ * 1 0 6  
But 

T h e r e f o r e  us/Um = l / 3 . 4 5 m  = d400 Cf,/z -Cps Y - The above e q u a t i o n  becomes the  s e p a r a t i o n  c r i t e r i o n  O " = I . G Z  V o  g v '  v o  L 1.15 ( S e p a r a t i o n  c l e a r l y  i n d i c a t e d )  
o f  t h e  p r e s e n t  t heo ry .  ~ M % / v  = Re' 145x I.G2r:103 = 2.35~ I O 3  

The form pa rame te r  Yo = 1.565 a t  t h e  s t a r t i n g  
p o i n t .  Using t h e  Ludwie?-Tillrnan7 s k i n - f r i c t i o n  
e q u a t i o n ,  s i n c e  t h i s  i s  not  a f l a t -  l a t e  boundary 
l a y e r :  C#, = 0.246/10°~C78H0 Re 
The, s e p a r a t i o n  p r e s s u r e - r e c o v e r y  r a t i o  will be: 
Crs= 1-w ~ ' = l - ~ - I - 0 . 5 0 5 ,  l . G 1  C p s = 0 . 4 9 5  
For t h e  c a l c u l a t e d  Cf , t h e  e w i v a l e n t  f l a t - p l a t e  
Reynolds Number w i l l  ge :  Po=- = G X I O '  
The a i r f o i l  Reynolds N u m b e r  i s  

The f i r s t  q u e s t i o n  i s  whether  Cps becomes e q u a l  
o r  l a r g e r  t h a n  1.0 ( p h y s i c a l l y  i m p o s s i b l e )  f o r  t h e  
h i g h e s t  v a l u e s  o f  Cf,  which i s  a c h i e v a b l e  f o r  t u r -  
b u l e n t  boundary-layers .  S. Dhawan14 shows Cf = 
0.0044 a s  t h e  h i q h e s t  expe r imen ta l  va lue ,  wh i l e  
D. W. Smith and J. H. :I lalkerl5 show Cf = 0.00375 and 
e x t r a p o l a t e  t o  Cf = 0.0045. From o t h e r  sou rces ,  
R Q  = 500 i s  b e l i e v e d  to be t h e  minimum possible  for 
a t u r b u l e n t  boiindary-layer;  Cf = 0.00435 should 
co r re spond  t o  RQ = 500. 
p r e s s u r e  r e c o v e r y  r a t i o  Cps a t  s e p a r a t i o n  canno t  Thus Yo I 6 x l O C  1.4 
exceed 0.87 o r  0.88. 4 . 2 8 x I O '  

= 6.00267 

Thus t h e  maximum p o s s i b l e  R = ~ E ~ . ~ A x I . ~ ~ X I O ' P ~ . ~ ~  X ( o c  

Data S e t  11: The i n i t i a l  s k i n - f r i c t i o n  must be 
between Cf = 0.0022 and Cf, = 0.0025. The low 
l i m i t  i s  g i v e n  by t h e  Ludwieg-Tillman formula and 
t h e  hiqh l i m i t  i s  g i v e n  by t h e  F a l k n e r ' s  formula.  
The hot-wire expe r imen ta l  p o i n t s ,  when reduced by 
25%, a g r e e  w i t h  t h e  h igh  l i m i t .  The v a l u e  Cfo = 
0.0025 was chosen a s  more p robab le ,  r e q u i r i n g  an  
e q u i v a l e n t  f l a t - p l a t e  Reynolds Number Ro = 9 x IO6. 
S e p a r a t i o n  i s  c l e a r l y  i n d i c a t e d  by t h e  a u t h o r s :  
Cps = 0% The v e l o c i t y  Ub, = 160 f p s ,  t h u s  

Data S e t  YII: 
and t h e  Ludwieg-Tillman e q u a t i o n  d e f i n e  Cf = 
0.00315 t o  a r e a s o n a b l e  accu racy .  The e q u i v a l e n t  
f l a t - p l a t e  Reynolds Number w i l l  be: 
S i n c e  a t  t h e  i n i t i a l  p o ' n t  R 

EXFERIENTAL VERIFICATKIN Q 

Experimental  v e r i f i c a t i o n  o f  a t u r b u l e n t  sep- 
a r a t i o n  c r i t e r i o n  is a d i f f i c u l t  t a s k ,  because a 
*ride r ange  o f  expe r imen ta l  d a t a  worild be r e q u i r e d ,  
bo th  r e g a r d i n g  p r e s s u r e - g r a d i e n t s  and Reynolds 
Number. I n  p a r t i c u l a r ,  f o r  t h e  p r e s e n t  t h e o r y  it i s  
r e q u i r e d  t o  i d e n t i f y  c a r e f u l l y  the  s t a r t i n g  p o i n t  
o f  t h e  t u r b u l e n t  boundary-layer  i n t o  t h e  a d v e r s e  
p r e s s u r e - g r a d i e n t  i n  r e g a r d  t o  bo th  l o c a l  sk in -  
f r i c t i o n  c o e f f i c i e n t  Cf, and p r e s s u r e  pa rame te r  Cpm. 

= 3 X I O G ,  xd= 9Ft. 
The h e a t - t r a n s f e r  s k i n - f r i c t i o n  d a t a  

P 

= 2.3 x IO6 
Unfo r tuha te ly  many a u t h o r s  omit t h i s  informa- 3.33 x 105/f t .  

t i o n  i n  d i r e c t  form and it m u s t  be t h e r e f o r e  deduced 

s e t s  o f  expe r imen ta l  d a t a  have been chosen f o r  v e r i -  
f i c a t i o n  o f  t h e  t h e o r y ,  a s  fo l lows :  

k0 = 2.3 X lob = 619 ft.  
more o r  l e s s  a c c u r a t e l y  from r e l a t e d  d a t a .  F ive  3.33 105 

The s e p a r a t i o n  p o i n t  is  we l l -de f ined  by t h e  au tho r ,  
t h u s  Cps = 0.620. v 

4 



Data S e t  

I 
I1 

I l l  
I V  

V 

It i s  seen t h a t  S t r a t f o r d ' s  e q u i l i b r i u m  g r a d i e n t  i s  
t h e  s t r o n o e s t  a t  t h e  50.% p o i n t ,  wh i l e  C l a u s e r ' s  
eq i i i l i b r ium g r a d i e n t  i s  t h e  weakest.  I t  may be 
noted t h a t  S t r a t f g r d ' s  g r a d i e n t  
shaps sf t h e  wa l l  p r e s s u r e  of a t u r b u l e n t  boundary- 
l a y e r  un- ier  a normal shock wave. Clauser ' s  g r a d i e n t  
a p p e a r s  t o  be ve ry  weak because t h e  i n i t i a l  Reynolds 

h a s  t h e  g e n e r a l  

RO CPS xo,Ft  XO/C C f o  

0.0025 9x106 0.528 9.0 --- 
0.00315 1x3x%06 0.620 6.9 --- 
0.0040 5x1O5 0.826 1.93 --- 
0.0035 1x106 0.682 3.0 --- 

0.00267 6x106 0.495 --- 1.4 

Number i s  v e r y  low and xo i s  sma l l ;  it i s  seen  how 
t h e  p re s su re - r ecove ry  c a p a b i l i t y  3f t h e  boundary- 
l a y e r  i s  t a k e n  i n t o  account  i n t o  t h e  s t r e a n w i s e  
l e n g t h  no rma l i za t ion .  
t h e r e  i s  good agreement f o r  a l l  f i v e  expe r imen ta l  
r e f e r e n c e s ,  r anq ing  from Cps = 0.50 t o  Cps z.O.826. 
It is  we l l  known t h a t  t h e  customary H c r i t e r i o n  f o r  
s e p a r a t i o n  Gioiild f a i l  f o r  both e q u i l i b r i u m  c a s e s  
( I V  and V). 
p r e s e n t  t h e o r y  p r e d i c t s  t h e  maximum p r e s s u r e -  
r ecove ry  r a t i o  a c h i e v a b l e ,  no t  a l o c a l  p r o f i l e - f o r m  
pa rame te r  o r  a l o c a l  p r e s s u r e - q r a d i e n t  pa rame te r  
f o r  s e p a r a t i o n .  

Fig.  8 shows C f o  VS.  Cps; 

.J 
It i s  t o  be r e p e a t e d  h e r e  t h a t  t h e  

I n  a d d i t i o n ,  i n  Fig.  8 t h e r e  a r e  p l o t t e d  f o u r  
s u p e r s o n i c  p o i n t s  a t  Mach numbers of 2 and 3, t o  
demonstrate  t h e  case  o f  ve ry  low pressure-recover-  
i e s  and s k i n - f r i c t i o n  v a l u e s ,  t a k e n  from t h e  work 
of Donaldson and Lanqel'. 

It i s  t o  be noted t h a t  t h e  s e p a r a t i o n  c r i t e r -  
i on  o f  t h e  p r e s e n t  t h e o r y  seems t o  be w e l l  v e r i f i e d  
by a r ange  o f  expe r imen ta l  d a t a  d e s p i t e  t h e  s impli-  
f i e d  assumption o f  an  e x a c t l y  c o n s t a n t  t o t a l - h e a d  
l i n e .  

I t  appea r s  from t h e s e  r e s u l t s  t h a t ,  s i n c e  the  
maximum pres su re - r ecove ry  depends o n l y  on t h e  
i n i t i a l  s k i n  f r i c t i o n  Cfo, t h e  s t r o n g e s t  g r a d i e n t  
may he employed t o  reduce t h e  s t r e a n w i s e  l e n o t h  
r e q u i r e d  f o r  such p r e s s u r e  recovery.  As a c rude  
approximation it may be s a i d ,  c o n s i d e r i n g  C U F V ~  I 
o f  Fig. 7, t h a t  a l e n g t h  x-x&o =. 0.4 
m i n i m u m  r e q u i r e d  t o  produce , C p i  = 200  Cfo. 
r u l e  can a s s i s t  t h e  hydrodynamic d e s i g n e r  i n  s e l e c t -  
i n g  t h e  p r e s s u r e  d i s t r i b u t i o n  shape o f  h y d r o f o i l s  
and submerqed bodies  f a r  any p a r t i c u l a r  Reynolds 
Number of ope ra t ion .  I f  however l e s s  t h a n  Cp, i s  
r e q u i r e d ,  t hen  t h e  curve V should be fol lowed,  up 
t o  Cp/Cfo rn 130, t o  p rov ide  t h e  s h o r t e s t  s t r eamvise  
l e n g t h .  

c a n  be a 
This  

,J 

As a n  i l l u s t r a t i o n  of t h i s  approach,  a 3:l 
f i n e n e s s - r a t i o  submerged body w i l l  be cons ide red ,  
desj.nned t o  have a G r i f f i t h - t v p e  s t e p - p r e s s u r e  
d i s t r i b u t i o n ,  w i t h  t h e  p r e s s u r e  d i s c o n t i n u i t y  a t  85% 
leng th .  
q u i r e d  i s  Cp = 0.64, from 85% l e n g t h  t o  t h e  t a i l ;  
t y p i c a l l y  a s u c t i o n  boundary-layer c o n t r o l  s l o t  i s  
employed t o  e n a b l e  t h e  p r e s s u r e  jump t o  be nego t i a t -  
ed wi thou t  s e p a r a t i o n .  However, i f  Cfo @ 85% 
l e n g t h  c a n  be e q u a l  t o ,  o r  g r e a t e r  t han ,  0.0032, 
t h e n  some p r e s s u r e  d i s t r i b u t i o n  ( a s  i n  Fig. 7 )  may 
be employed t o  n e g o t i a t e  t h e  same p res su re - r ecove ry  
w i t h o u t  boundary-layer  c o n t r o l ;  however, it i s  
found t h a t :  Xo/L = 2 x 1 0 % ~  f o r  Cfo = 0.0032 

and R L  = 1.3 x 106 t o  p rov ide  Cf,  = 0.0032 w i t h  
t r a n s i t i o n  @ 1% l eng th .  Thus Xa/L = 1.54. Taking 
X - X . ~ / X ~  = 0.4 ( a s  f o r  curve I o f  Fig.  7 )  a s  t h e  
s h o r t e s t  s t r e a n w i s e  d i s t a n c e ,  t h e n  x-xo/Xo = A X / L  = 
0.615. T h i s  means t h a t  whileOX/L = 0.15 i s  a v a i l -  
a b l e  f o r  p r e s s u r e  r ecove ry ,  AX/L = 0.615 i s  r e q u i r e d  
a s  a minimum. F u r t h e r m r e ,  t h e  maximum body 
Reynolds Number i s  RL = 1.3 x 1 0 G  t o  provide 
t h e  r e q u i r e d  i n i t i a l  s k i n  f r i c t i o n  f o r  avoidance o f  
s e p a r a t i o n .  Th i s  example i l l u s t r a t e s  t h e  u s e f u l -  
n e s s  o f  t h e  p r e s e n t  t h e o r y  f a r  hydrodynamic d e s i g n  
a$ a f u n c t i o n  o f  Reynolds Number o r  i n v e r s e l y  f o r  
e x t r a p o l a t i n g  model t es t  results t o  p ro to type ' s .  

S k i n  F r i c t i o n  

The o v e r a l l  p re s su re - r ecove ry  r a t i o  r e -  

where R L  = UoL/u 

-__ 
The s k i n - f r i c t i o n  c o e f f i c i e n t s  unde r  adve r se  ,d 

q a t a  S e t  
I 

I1 
111 

I V  
V 

5 

[ & ] @ 8 = 5 0 %  [&]@*e.%% 2 
1.23 1.35 183 
1.45 1.80 211 
1.45 ' 2.07 197 
3.05 11.2 209 
1.10 1.76 195 



p r e s s u r e  g r a d i e n t s  a r 8  comple t e ly  a i v e n  i n  Data S e t s  
T I  and TII, measured by hot-wire and M l - t y p e  hea t -  
t r a n s f e r  i n s t r u m e n t s  r e s p e c t i v e l y .  The hot-wire  
d a t a  have been reduced by 25% so a s  t o  o b t a i n  agree-  
m e n t  w i t h  c o n v e n t i o n a l  d a t a  a t  t h e  s t a r t i n g  po in t .  
The i n i t i a l  s k i n  f r i c t i o n  v a l u e s  a r e  w e l l  de f ined .  

o n l y  f o r  a p a r t i a l  t e s t  l e n g t h  from x/xb = 3.65 t o  
%[io = 14.4; t h e  i n i t i a l  s k i n - f r i c t i o n  v a l u e  i s  
o b t a i n e d  from t h e  f l a t - p l a t e  curve e x t r a p o l a t e d  t o  
x=15", i , /xo = 1. The i n i t i a l  v a l u e  Cf, is  j o i n e d  t o  
t h e  t e s t  d a t a  by a f a i r e d  i n t e r p o l a t i o n .  

v From Data S e t  111, however, t h e r e  a r e  o b t a i n e d  da ta  

Fig.  9 p r e s e n t s  t h e  d a t a  from S e t s  11, 111 and 
I V  i n  t h e  normalized form C f k f ,  VS. X / X O .  Figure  
10 shows a p l o t  o f  Cf VS. x/X3 from S e t  11; i n  ad- 
d i t i o n  t o  t h e  p r e s e n t  t h e o r y ,  ther,e a r e  p l o t t e d  
c u r v e s  f o r  t h e  Ludwieg-Tillman (Ref. 7 )  and t h e  
Fa lkne r  (Ref.  10) s k i n  f r i c t i o n  formulas ,  u s i n g  
expe r imen ta l  v a l u e s  f o r  a!4 and H. 
t h e o r y  i s  i h  e x c e l l e n t  agreement w i t h  t h e  hot-wire 
d a t a  ( reduced by 25%); t h e  Ludwieg-Tillman curve i s  
a l s o  i n  good agreement,  p a r t i c u l a r l y  w i t h  t h e  p o i n t s  
co r re spond ing  t o  t h e  u* v a l u e s  used i n  Fig. 2. The 
F a l k n e r  f l a t - p l a t s  formula,  a s  expec ted ,  p f e d i c t s  
c o n s i s t e n t l y  h igh  s k i n - f r i c t i o n  va lues .  The 
ave rage  t r u e  s k i n - f r i c . t i o n  i s  seen  t o  be s u b s t a n t i a l -  
l y  less t h a n  t h e  f l a t - p l a t e  ave rage ;  t h i s  c l e a r l y  
undermines t h e  commonly-used concept  o f  computing 
t o t a l  d r a g  c o e f f i c i e n t  based on we t t ed  body s u r f a c e -  
area t o  be compared w i t h  f l a t - p l a t e  v a l u e s ,  so a s  t o  
de t e rmine  by t h e i r  d i f f e r e n c e  t h e  amount o f  p re s su re  
( fo rm)  drag. 

I n  Fig. 10 t h e  Ludwieg-Tillman c u r v e  colrld be 

The p r e s e n t  

used t o  determine approx ima te ly  s e p a r a t i o n  by, draw- 
i n g  a t a n g e n t  a t  t h e  p o i n t  of i n f l e c t i o n  @ T / Q  = 
1.78. Figure  11 shows a p l o t  of Cf VS. x/xo from 
S e t  111. I t  i s  seen  t h a t  t h e  p r e s e n t  t h e o r y  i s  i n  

u f a i r  agreement w i t h  t h e  h e a t - t r a n s f e r  d a t a .  The 
Ludwieg-Tillman cu rve  i s  i n  b e t t e r  agreement ( u s i n g  
expe r imen ta l  Re and H v a l u e s ) ;  a g a i n  it cou ld  be 
U S O ~  a s  above t o  determine approx ima te ly  s e p a r a t i o n  
by drawing a t a n g e n t  t o  t h e  p o i n t  of i n f l e x i o n  a t  
x / i o  = 2.045. 

Fig.  12 shows a p l o t  o f  Cf  VS. X / X . ~  from S e t  IV. 
The agreement w i t h  t h e  t h e o r y  i s  poor; however, t h e  
i n i t i a l  p o i n t  ( b y  d e f i n i t i o n )  and t h e  f i n a l  p o i n t  
a ~ e  c o r r e c t ,  t h u s  demons t r a t ing  a t  l e a s t  t h e  r i g h t  
t r e n d .  It i s  c l e a r  t h a t  t h e  poor agreement i s  due 
t 3  t h e  assumption o f  c o n s t a n t  t o t a l  head a t  y = yc. 
F i q i r e  5 from S e t  V demons t r a t e s  t h a t  t h e  t o t a l -  
head can d e c r e a s e  and t h e n  i n c r e a s e  a g a i n ;  i f  t h i s  
was t a k e n  i n t o  account  t h e  agreement wa::ld be good. 
U n f o r t u n a t e l y  more and better d a t a  a r e  needed i n  
o r d e r  t o  s t u d y  t h e  f u n c t i o n a l  r e l a t i o n s h i p  of t h e  
pa rame te r  h-Pm/&eu>$ a t  y = yc w i t h  t h e  p r e s s u r e -  
g rad ien t .  d i s t r i b u t i o n  and t o  a r r i v e  a t  a n  a n a l y t i -  
c a l  e x m e s s i o n .  

The computed c o n s t a n t - p r e s s u r e  cu rve  i s  abou t  
300% h i g h e r  on  t h e  ave rage  t h a n  t h e  t r u e  s k i n -  
f r i c t i o n ;  t h i s  d r a m a t i z e s  t h e  inadequacy,  a s  p o i n t e d  
o u t  above, o f  t h e  concep t  o f  t o t a l - d r a g  c o e f f i c i e n t  
based on w e t t e d  su r face -a rea .  The Ludwieg-Tillman 
formula i s  s e e n  t o  f a i l  i n  t h i s  c a s e ,  due t o  t h e  
a p p a r e n t l y  d e c r e a s i n q  t r e n d  o f  H; it cannot  be used 
a t  a l l  t o  p r e d i c t  s e p a r a t i o n .  

CONCLIJSIO6 

- The p r e s e n t  t u r b u l e n t  s e p a r a t i o n  c r i t e r i o n  
a p p e a r s  t o  have adequa te  expe r imen ta l  v e r i f i c a t i o n  

i n c l u a i n g  t h e  two c a s e s  o f  e q u i l i b r i u m  boundary- 
l a y e r s .  The H c r i t e r i o n  o f  s e p a r a t i o n  have been 
shown p r e v i o u s l y  t o  be i n v a l i d  by t h e  e q u i l i b r i u m  
boundary-layer  w i t h  f l a t t e n i n g  o r  d e c r e a s i n g  H 
t r e n d s .  A l s o  t h e  Ludwieg-Tillman s k i n - f r i c t i o n  
formula i s  shown t o  f a i l  w i t h  t h e  e q u i l i b r i u m  
boundary-layer  even when a p p l i e d  w i t h  expe r imen ta l  
v a l u e s ,  t h u s  it cannot  be r e l i e d  upon t o  de t e rmine  
s e p a r a t i o n  by e x t r a p o l a t i o n .  The S t r a t f o r d  sepa ra -  
t i o n  e q u a t j o n  cannot  y i e l d  any i n f o r m a t i o n  f o r  t h e  
e q u i l i b r i u m  p r e s s u r e  g r a d i e n t  a t  z e r o  s k i n  f r i c t i o n  
by i t s  v e r y  d e f i n i t i o n .  The s i m p l f f i e d  assumption 
o f  t h e  c o n s t a n t  t o t a l - h e a d  l i n e  does  no t  seem t o  
a f f e c t  t h e  v a l i d i t y  o f  t h e  p r e d i c t i o n  of t h e  maxi- 
mum pres su re - r ecove ry  r a t i o  a s  a f u n c t i o n  o f  
i n i t i a l  s k i n  f r i c t i o n  c o e f f i c i e n t .  

S i n c e  t h e  s k i n  f r i c t i o n  w i l l  d e c r e a s e  w i t h  
i n c r e a s i n g  Reynolds Number, t h e  maximum p r e s s u r e -  
r e c o v e r y  w i l l  a l s o  d e c r e a s e  and p res su re -d rag  loss- 
es  w i l l  i n c r e a s e .  T h i s  i s  t o  be t a k e n  i n t o  account  
i n  t h e  e x t r a p o l a t i o n  o f  model t e s t  d a t a  t o  p ro to -  
t y p e  v a l u e s  through a wide Reynolds Number r ange ,  
such a s  lo7 f o r  t h e  model and IO9 f o r  a submarine 
p ro to type .  As a consequence o f  t h e  p r e s e n t  separa-  
t i o n  t h e o r y ,  h y d r o f o i l s  and submerged bod ies  may 
now be ana lyzed  a t  t h e  p r o p e r  Reynolds Number, 
t a k i n g  i n t o  accoun t  t r a n s i t i o n  l o c a t i o n ,  t h e  p a r t i -  
c u l a r  p r e s s u r e  d i s t r i b u t i o n  p r o f i l e  and a l s o  h u l l  
v i b r a t i o n  ( a s  it a f f e c t s  the s k i n - f r i c t i o n ) .  

I t  i s  t o  be noted t h a t  a c a l c u l a t e d  i n v i s c i d  
p r e s s u r e - d i s t r i b u t i o n  p r o f i l e  w i l l  no t  be un ive r -  
s a l l y  s u i t a b l e  f o r  any Reynolds Numbers, becduse o f  
t h e  change of t h e  maximum pres su re - r ecove ry  r a t i o .  
The re fo re  such p r o f i l e  m u s t  he des igned  f o r  t h e  
d e s i r e d  o b r a t i o n a l  c o n d i t i o n .  

The s k i n - f r i c t i o n  computed by t h e  p r e s e n t  
t h e o r y  a p p e a r s  t o  be a f f e c t e d  by t h e  S i m p l i f i e d  
assumption of t h e  c o n s t a n t  t o t a l - h e a d  l i n e .  The 
e x p e r i m e n t a l  agreement i s  good f o r  conven t iona l  
l i n e a r  g r a d i e n t s  bu t  poor  w i t h  t h e  e q u i l i b r i u m  
boundary-layers.  However, even  i n  t h e s e  c a s e s  t h e  
t h e o r e t i c a l  t r e n d  i s  c o r r e c t .  

The Ludwieg-Tillman s k i n - f r i c t i o n  formula shows 
good agreement w i t h  t h e  c o n v e n t i o n a l  l i n e a r  grad- 
i e n t s  bu t  it f a i l s  w i t h  t h e  e q u i l i b r i u m  boundary- 
l a y e r s .  S i n c e  t h e  t u r b u l e n t  s k i n - f r i c t i o n  under  
adve r se  p r e s s u r e  g r a d i e n t s  is  s u b s t a n t i a l l y  less 
t h a n  t h e  co r re spond ing  f l a t - p l a t e  v a l u e s  (even when 
u s i n g  t h e  expe r imen ta l  Re). dropping t o  3% o r  l e s s  
t h a n  10% f o r  t h e  e q u i l i b r i u m  cases ,  t h e  concep t  o f  
t o t a l  d r a g  c o e f f i c i e n t  based on w e t t e d  s u r f a c e - a r e a  
should be abandoned a s  mis lead ina .  Commonly t h e  
d i f f e r e n c e  between such t e s t  c o e f f i c i e n t  and t h e  
co r re spond ing  ave rage  f l a t - p l a t e  v a l u e  i s  t a k e n  t o  
r e p r e s e n t  t h e  p r e s s u r e  drag;  such procedure may 
g r o s s l y  u n d e r e s t i m a t e  t h e  p re s su re -d rag  and f u r t h e r  
more a f f e c t  even more t h e  e x t r a p o l a t i o n  procedure 
t o  h i g h e r  Reynolds Numbers. 
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