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AN APPRCACH TO TURBULENT INCOMPREZSSIBIE SEPARATION AND THE DSTERMINATION OF

SKIN-FRICTION UNDER ADVERSE PRESSURE GRANDIENTS

FABIO R. GOLDSCHMIED
Sperry Utah Company., Salt Lake City., Utah

SUMMARY

A turbulent separation criterion is developed
theoretically, relating the maximum pressure re-
covery-ratio at separation to the skin-friction co-
afficient at the start of the adverse gradient, i.e.
the point of minimum pressure on hydrofeil or sub-
merged body. This criterion shows very good  agree-
ment with ths results of five experimental runs
from several technical sources,

A method of computing the skin-friction is also
given and it has been applied to three experimental
runs; the agreement is good in two cases and poor
in the third., The present theory indicates that
separation will move upstream with increasing
Reynolds MNumber, therefore affecting substantially
the scalina procedure from model test to prototype's
The theory also indicates that inviscid pressure
orofiles must bes considered in relaticn to the
desired operational Reynelds Number, since the
effective pressure gradients and the pressure re-
covery ratio will change. The present theory is
based on the assumptions of dissipative-regicn
similarity under any pressure gradient and of a
constant total-head line at a fixed distance from
the wall under adverse pressure gradients. This
latter assumption has been found to hold only ap-
proximatelysit affects the skin-friction calculation
but not the separation criterion.

LIST OF SYMBOLS

X Streamnise distance

Xg Streamwise separation distance

X Point of minimum pressure and start of
adverse pressure gradient

X, Zgruivalent reference length
¥ Pistance from the wall
Ye Distance of assumed constant total~head lime
So Boundary-layer thickness @ x)
i Thickness of laminar sublayer
Nomentum thickness
‘8 Momentum thickness @ x3
L Body length
c Airfoil Chord
U Velocity outside boundary-layer @ x
Ups Velocity outside boundary-layer @ xj
Us _ Free-stream velocity
U, u Mean x-velocity within boundary-layer
v, ¥ Mean y-velocity within boundary-layer
ug Mean x=velocity within boundary-layer® y=y.
Ug Fean x-velocity within boundary-layer@ye,xg
U Frictional velocity
R Frictional velocity @ x1
ug¥* Frictional velocity @ xg
P Static pressttre (assum@d constant across
boundary-~layer) )
Pm Static pressure @ xy ¥ ;
Pg Static pressure ® xg - & v
h Total pressure '
he Total pressure @ yg

T Skin-friction
To Skin-friction @ x;
H:éi* Profile form parameter
Cs Skin-friction coefficient
¢ Skin-friction coefficient @ x;
o
Cp Pressure coefficient
Cpg Pressure coefficient @ x
X
Ro= 1?" Friction equivalent flat-plate Reynolds
Number
e Fluid mass density
v Fluid kinematic viscosity

INTRODUCTION

The problem of turbulent flow separation has
been and still remains the fundamental problem of
hydrodynamics. The prediction of turbulent sepa-
ration would allow the calculation of the actual
pressure distribution on a hydrofoil or on a sub-
merged body and therefore allow the prediction of
actual hydrodynamic forces and moments. Further
more, scale effects hetween models and prototypes
can be accurately assessed only through an under-
standing of the phenomenon of separation.

Furthermore, little is known as yet about the
inverse problem, i.e. the problem of desianing tha
most suitable adverse pressure gradient for maximum
lift/drag ratio of hydrofoils or for minimum drag
of submerged bodies of maximum displacement.

The adverse pressure gradient may be chosen to
be of linear, concave or convex profile or it may
be chosen to be step-wise discontlinuocus, as with
the Griffith~type pressure distribution, where
boundary-layer control is required teo actually
achieve the pressure recovery. There are several
methods available for the calculation of the incom-
pressible turbulent boundary-layer under adverse
pressure-gradients, all rather laborious for
practical usage by the hydrodynamic designer.
Generally, these methods employ the momentum inte-
gral equation, with auxiliary equations for the
skin friction and for the profile form parameter H.
The parameter H is usually taken as a gross index
of separation.

:9 Thwaitesl gives an excellent discussion of
such methods, which needs not be repeated here.
C. C. Stewart< has reviswed six sueh methods and
tested them against the experimental results of
Von Doenhoff and Tetervina, Schubaver and
Klebanoff* and of Clauser.#*

¥Note: These results are referred to later in this
paper as Data Sets I, II & IV.



It is seen that all the methods fail against the
results of the Clauser pregsure distribution No 2.
The method of Truckenbrodt™ appears the most suit-
able for engineering usage and also it provides
the least poor agreement, among all methods, with
the Clauser results,

Having attained the momentum thickness @ arid
the form parameier H, it 1Is possible to employ the
Ludwieg-Tillman’ equation to ¢btain the skin-
friction and to alsc estimate the separation point
by extrapolatina the computed skin-friction curve
to zero (provided, of course, that 8 and H values
are computed correctlyl.

It wonld be possible to conclude that the
above methods were adequate if it wasn't for the
egvidence of the so-called "equilibriug" boundary-
layers of Clauser and 3. S, Stratford”, where H
flattens ont rather than increasing sharply. The
equiltibrium boundary-layers, preduced by a parti-
culsrly concave pressure distribution, will run
with profile similarity despite the adverse
gradient., Whether such boundary~layer will or will
not separate eventually, the allowable pressure
recovery is finite because of the shape of the
pressure distributicon becoming asvmptotic.

ANALYSIS
General

The present analysis is based on twe physical
observations reagarding conditions within an in-
compressible two-dimensional turbulent boundary- -
layer under advarse pressure qradients. Both
observations are directly verified by experimental
evidence. The conclusions ¢oncerning prediction
of the s#paration pressure-recovery ratio and of
tha skin-friction trend are verified against five
exprrimantal runs.

Disgipative Region Similarity

The first ohsetvation pertains to the so-
called dissipative region within the boundary-
layer. According to the energy analysis presented
by Townsend?, the turbulent boundary~layer may be
divided into the following regicons, on the basis
of energy flow considerationst ’

l. In the mixing region, or outer portion,
the energy flow from the free-stream is captured,
so to speak, by a cylindrical vortex. For instance
the function of the so-called vortex generators is
to strengthen these c¢ylindrical vortices and
inc¢rease the energy interchange.

2. In the energy transfer region, or the
middle portion, the energy flow of turbulent
energy production T 2& "is directed toward the
wall. Y

3. In the dissipative regien, or the inner
portion which includes the laminar sublayer, all
the energy flow is absorbed and dissipated.

In the dissipative region the energy absorption
must occur at such high rates that dissipation will
be the predominant characteristic and therefore
there will be similarity of the velocity profiles
on the basis of some digsipation parameter.

It should be noted again that similarity

should always be expected only in the dissipative
region close to the wall, and not in the rest of
the boundary-layer. Only in the special case of
equilibgium boundary~layers, "as demonstrated by
Clauser” and Stratford® can similarity be expected
for the complete boundary~layer under adverse
pressure-gradients. Experimental proof of dis-
sipative-region similarity is given by &udwieg and
Tillman’ and by Schubauer and Klebanoff~, Data
from boundary-layar profiles ranging from flat-
plate to separaticn are plotted together in the
Karman logarithmic Wanner, i.0. u/z* vE. logwe tu&
and shown in Flg. 1° and in Fig. 2.

¥t is seen that up to u/u* = 20 and up to
yu¥/y = 500, all data point fall on one universal
curve, regardless of pressure gradient, up to
separation. In Fig. 2 the wvelocity profile begins
deviating at yu*/y = 100 for the x = 25.0 ft,
station. Since separation is observed at x = 23.4
ft., the profile deviatiocn can well be expected at
x = 25.0 ft.

However, even this deviatlon will not affect
the analysis, as will be discussed in the next
section, because the yu*/A values of interest near
separation will be much less than 100 and actually
of the order of 10, The values of u¥* employed in
plotting the profiles of Fig. 2 are not the hot-
wire experimegtal skin~friction data of Schubaver
and Klebanoff" but are somewhat lower and are shown
in Fig, 10.

As it 1s generally agreed, the hot-wire data
are considerably too high, at least by a factor of
1.25., At the 17.5 ft. station (start of pressure
gradient) the hot-wire skin-friction value should
agree with the coTﬁentiohal flat-plate formulae,
such as Falkner's™ ", Schulz-Grunow's 1, ate. An
experimental method for the determination of the
skin friction may be derived from the above con-
c¢lusions; it would be sufficient to measure the
velocity at some five points within the dissipative
region and then find by trial-and-error the value
of u¥% for.which the points best fit the universal
curve. A small wall-mounted fixed rake would be a
suitable tocl for this method. TIf the y value Is
fixed, as wlll be discussed later, yu*/w will al-
ways degrease; l.e. if the initial y-point falls
within the dissipative region, all downstream
points at constant y will also fall within this
region.

The evidence for the dissipative region
similarity up to separation is generally accepted,
having been recognizig in the past by several
workers (Geldschmied®<, Clauser5, etc. ). Unfor-
tunately Clauser, while recognizing the similarity
{as shown in his Fig. 4) and exploiting it for the
determination of the skin-friction law for equili-
brium boundary-layers, fails to display the data
for his own equilibrium profiles.

Constant Total Head Line

The second observation pertains to the trend
of total-head at fixed y distances from the wall,
within a turbulent boundary-layer under adverse
pressure gradients. Tt is well known that the
total head remains constant in the free~stream at
very large y distances from the wall. At the wall
itself, the static pressure increases by definition
(adverse pressure gradient). Tt has long been



recognized that within the boundary-layer at compar-
atively large y distances from the wall the total
head decreases. In fact, on a flat plate with zero
gradients, the total head decreases at all y >0
distances.

However, what is not generally recognized is
that under adverse pressure gradients, at small ¥
distances from the wall, the total head definitely
incregses, which means that excess senergy is being
supplied to the fluid layer. However strange this
notion may seem at first, it is in agreement with
the concept of the dissipative layer receiving the
energy flow transferred down from the energy trans-
fer region. Some experimental evidence seems to
indicate that such increasing total-head lines are
independent of pressure gradlent, at least when the
adverse pressure gradient is not too high. Fig. 3
shows the total head 8h against streamwise distance
x for both a weak and a strong pressure gradient, as
a distance y = 0.040" or ¥/5, = 0405 (whers fo is the
initial boundary-laver thickness). It is seen that
both trends are practically the same. The adverse
pressure-gradient starts at x = 0., Fig. 3 is plot-
ted from some unpublished NACA data by Goldschmled13
Fig. 4 shows a complete plot of h-Pm/%0OU% vs.
x at constant y from the data of Schubauer and XKleb-
anoff% Tt is seen that there are lines of decreas-
ing total-head parameter for y=1.00", y=0.50" and
y=0.40" and lines of increasing total-head parameter
for y=0 and y=0.10". At y=0.23" there is a line of
substantially constant total-head, bounded by the
increasing trends and by the decreasing trends.

Fig. 5 shows a comparable plot for what it is claime
ed to be the extreme pressure-gradient case, namely
the zero—grlctzon equilibrium experiment of
Stratford

It is seen that there are trends at constant y
distance which are both degreasing and then ingcreas-
ing, thus indicating that there camnot be z line of
substantially constant total-head, although there
is a line with the same total head value at the
beginnina and at the end. If useful results can be
achiaved, it is permissible to make the simple
assumgtion, as suggested by Goldschmied*<, that
there is in all cases a line at constant y with
exactly constant total-head. 1If this line exists,
it should be somewhere in the dissipative region
and therefore it will be assumed to be independent
of pressure distribution {although it has been seen
that it 1s not always true).

If the boundary=layer is known initially at
the point of minimum pressure, the problem arises
of determining the total-head value of this assumed
constant total-head line and its y distance from
the wall. The ocuter edge of the dissipative region
will be a reasonable choice as the starting point .
of this line; it is to be noted that if the total-
head of the edge of the dissipative region is plote
ted against streamwise distance, a minimum will be
shown at the point at minimum static pressura,

" because. it decreases under favorable gradlents and
it increases under adverse gradients., A quantita-
tive analysis may then be attempted, %o be applied
to filve different sets of experimental data for
critical demonstration of the results.

From Figs., 1 and 2, the outer edge of the dis~
sipative region is characterized approximately by:
u/ux = 20 and yu*/b = 500, Eherefore the total head
will be: = 1/2@ (20 u + Ppe The distance
from the wall will be q1ven by Vc = 500 » /u,*.

Determination of Skin~Friction

At some downstream station (at y=y.), h=hg and
the velocity ug may be found as followst

Pm“%‘ c (ZO(A:)Z-‘- P+-£' eul
Pm-P+y € 40052 =10 ug

. (%fq’ —5—%—3 o% +Aoofﬁﬂz
fo = M

b 0B I,
= 1200 Cp - Co

Now Cp is known from the pressure distribution,
obtaired experimentally or theoretically. If Uy,
Cpp and Py, represent the velocity, pressure co-
efficient and pressure respectively at the point of
minimum pressure:

Noting that

then

It can be written e
Um

V 2
= ] =(=—
P (VM)
where ¥ = — , Vy gg

and U, is the free~stream or flight velocity. Thus
whan u and y = y, are known, the skin-friction-co-
efficient ¢¢ may be found as follows:

Take G=g& V&

and He Co
K= V c

Then u K= 400-2?;,/6

"
Or the other hand: K= A+B log, J%‘:L

ye/v = 500/us

From Figs. 1 and 2: A = 6.67, B = 4,93
and substituting for G, therefore'

K = 6,67 + 4.93 log,e { 500G ]
The two equations for G may be solved graphically
and the G value determined for each Cp and for a
known initial skin friction coefficient Cf.

{ a00- 2? /f6 = 6.67+4. 93 log,e [5006]
C; = Cf; G"

Flg. 6 shows Cy plottdd against Cp for several

valifes of Céqe

and

and

It is to be noted that the curves of Fig. 6
are based on the previcus assumptions that the total
head is exactly constant at y = yc. It has been
already seen that this agssumption agrees well with
the data of Schubauer and Klebanoff but it agrees
only peorly with the data of Stratford.

Turbulent Separation Criterion

Te establish a turbulent separation criterion,
the hypothesis is made that separation occurs (for
the purposes of the present theory) when the
assumed constant total-head reaches the edge of the
laminar sublayer.

If the Reynolds equation is written at the
line of ¢onstant total-head, by definition:

a/ax (Uc/2 + P/@)=0
Therefores T au/ay ;/;y ('y 3“/3,)"‘1(‘017)
while at the wall 1tse1f= ooy (v 9“/”)" I/ﬁ
At the separation point it is agsumed that ye = 51'
While the velocity profile within the sublayer

under adverse pressiure gradient cannot be exactly
linear due to the above wall condition, it has been



found experimentally that the velocity profile is
substantially linear. Perhaps this is so because
the velocity gradient induced by aP/2x occurs only
locally at the very wall. Figs. 1 and 2 show simi-
larity for all proffles at the edge of the sublayer.
Thus at yc = §y corresponding to ¥ /v = i2:
3/oy (v aufay)=0

Purthermore, it is known that the shear correlation
vanishes near the sublayer, (~u'v)x o . It

mist follow that Jy J}_M -
f x dy=0

However, since the integral cannot go to zero be-
cause the functien is finite, at least at the upper
limit, auhy must go to zero., The fact that du/ay
becomes zero satisfies the conventional definition
of separation. Separation should then ensue when
the assumed constant total-head line reaches the
laminar sub-layex.

In the Iaminar sub-laver, as suggested by Von
Karman: u/u* = yu¥/» . In the dissipative region:
u/u* = 6,67 + 4.93 log)g yu¥/y « The limit of the
laminar sublayer is obtained at the intersection of
the two equations at: u/u* = yukfy = 12, At the
point of minimum pressure {start of the adverse
gradient): ycuo¥= 500. At the point of separation
youst/y = 12, ¥
Therefore us /ug® = 12/500 =

Since Uo* = Um VCs /2

Theg separation is assumed to take place when:

Us = UYCTs/2 = Um /415 V5,72
and the corr%§pond1nq separation ve1001ty ug@y = yes

1/41.5

Us = 12Us" = 12/41.5 Uwm yTp72 = Um/3.45 VCp, J2
But Ue /Um = fo-Cp

Therefore wys/Um —-|/345'1/C;°/2 /400 Cfo/Q ~Cpg
[Ces= 200¢C, |

The above eguation becomes the separation criterien
of the present theory.

The first question is whether Cpg becomes equal
or larger than 1.0 (physically imp0551ble) for the
highest values of Gf, which is achievable for tur-
bulent boundary-layers. S. Dhawan'? shows Cf =
0.0044 as the highest experimental value, while
D. W. Smith and J. H, Walkeri® show Cf = 0,00375 and
extrapolate to Cf = 0.0045, From other sources,

Rg = 500 is believed to be the minimum possible for
a turbulent boundary-layers Cf = 0.00435% should
correspond to R@ = 500, Thus the maximum possible
pressure recovery ratis Cpg at separation cannog
exceed 0.87 or 0.88.,

EXPERIMENTAL VERIFICATION

General

Experimental verification of a turbulent sep-
aration criterion is a difficult task, because a
wide range of experimental data would be required,
both regarding pressure-gradients and Reynolds
Number. In particular, for the present theory it is
required to identify carefully the starting point
of the turbulent boundary-layer into the adverse
pressure~gradient in regard to both local skin-
friction coefficient Cf, and pressure parameter Cpm‘

Unfortuhately many authors omit this informa-
tion in direct form and it must be therefore deduced
more or less accurately from related data. Five
sets of experimental data have been chosen for veri-
fication of the theory, as follows:

IIo

NDate Set

I - Author: Von Doerhoff and Tetervin® 1943
Test Run: NACA 65(216)222 Airfoil
@ot= 10,1°
II. - Author: Schubauer and Klebanoff4 1650
Test Run: Main Test
III. - Author: Sandborn16 1953
Test Run:t 25" WG, Suction
IV. = Author: Ciausér5 1954
Test Runt Pressure Distribution No. 2
V - Author: Stratford® 1959
Test Run: Main Test

It is to be noted that the skin-friction is given
completely only in II and III. For the equilibrium
layers IV and V separation is not indicated by the
authors, although it is most probable that it did
occur somewhere downstream; however, since such
pressure distributions become pver flatter stream-
wise, it is easy to estimate the maximum pressure-
racovery ratio achievable.

Data Reduction

As suggested by the present theory, the
several pressure distributions will bhe plotted in
the form Cp/Cso vs. X/%g. The normalizing length
xo 1s defined as the equivalent length of flat-
plate run at velocity Uy, which is required to
produyce a local skin-friction coefficient equal to
the actual Cg, of the test. At separation, Cqus&

should always be in the vicinity of 200.

Data Set It Airfoil Reynolds Number R =TS = 2. (quicf
3

At starting point 8 /& = 0.55% 1073, U, 8, fy=1.45x10

Us .
=162 & = = LI§ (Separation clearly 1ndlcated)

UmBo/y = Ro = 145 % 1,62%10% = 235 x |0
The form parameter Hy = 1.565 at the starting
peint. Using the Ludwieg-Tillman’ skin-friction
equation, since this is not a flatzplate boundary
layer: Cg, —0246/100578H°P 268 = 0.00267
The Separatxon preésure recovery ratio will be:
Crg® Iy = 1-L148n = | - 0.505, Cpg = 0.455
For the calculated Cg¢_ s the equivalent flat-plate
Reynolds Number will Be: Ro=XoUm = gxiné
The airfcil Reynolds Number is v

R=UmC = 2.¢4x 1.G2 x 10% =4.28 x 10°
Thus v Xo = Gx!gs r'4

T aa8x10t

Data Set ITI: The initieasl sk1n—friction must be
between C¢, = 0.,0022 and Cf = 0.0025. The low
limit is given by the LudwieQ-T111man formula and
the high 1limit is given by the Falkner's formula.
The hot-wire experimental points, when reduced by
25%, agree with the high limit. The value Cso =
0.0025 was chosen as more probable, requiring an
equivalepnt flat~-plate Reynolds Number Ry, = 9 x 106,
Separaticon is clearly indicated by ths authors:
Cps = 0.528. The ve1061ty Uy = 160 fps, thus
9"'0 Xa = 9 F+.
Data Set }&I. The heat~transfer skin-friction data
and the Ludwieg-Tillman equation define Cg¢
0.0031% to a reasonable accuracy. The equivalent
flat-plate Reynolds Number w111 be: Ry = 2.3 x 108
Since at the initial pognt = 3.33 x 109/ft.

Xo = 2.3 x 10 - 6.9 ft.
3.33 x 109
The separation point is well-defined by the author,
thus Cps = 0,620,



Data Set IV: It is difficult to interpret Clauser’'s
paper for the purposes of the present theory. The
starting point is taken at x = 15", since there is
a trip-wire presumably at x = 0. The initial skin-
friction is determined by extrapolating the upper
curva of Clauser's Fig. 9 (calcunlated constant
préssure curve! to % = 15"; it is presnmed that Cfy
shonld correspond to the flat-plate valuve. Thus,
C¢, = 0.004 and the correspondina’equivalent flat-
plate Reynolds Number is Bg = 5 x 10°.  From
Clauser's Fig. 6 the velocity is taken @ x = 15",
Uy = 40.2 fps., thus yielding x5 = 1.93 ft. It is
to be noted that nowhere in Clauser's paper there
appears a test Reynolds Number value. From Cfc =
0.004 it would appear that the corresponding flat-
plate Rg = 787, il.,e. just about hich enough to
quarantee the boundary-layer to be turbulent. No
mention is made by the author of separation, folldw=
ing the equilibrium run. However, it is estimated
that the maximum pressure-recovery ratio should be
betwesn Cpg = 0.826 and Cpo-= 0.837. In fact the
last equilibrium profile presented is at x = 239"
or Cp = 0,740 and furthermore the skin-friction
begins to drop at x = 320" or Cp = 0.790.

Data Set V: Stratford's initial point is clearly
defined and the equivalent flat-plate Reynolds
Number is stated to be Rg = 1 x 106, together with
Xo = 3 ft. 1In accordance with Ry, Cf, = 0.0035.

No mention is made by the author of separation, but
it is quite probable that separation may be placed
no later than Cp = 0.682,

DATA SUMARY

Data Set | Cg, Ro Cp, %05 B[ %o/
I 0.00267| 6x106 0,495 | —un 1.4
I 0.0025 9x100 o.528| 9.0 | --=
I11 0.00315| 2x3x108) o.620| 6.9 ——
v 0.0040 | 5x10° 0.826 1 1.93 | ~um
v 0,0035 | 1x100 0.682 | 2,0 | =--

Turbulent Separation Criterion

The pressure gradients of the five experimental
references are shown in Fig. 7, plotted in the man-
ner Cp/Cfo vs. %/%5. This normalizing method is
suggested by the present theory and it serves to
1llustrate the comparative strength of the several
gradiznts. Tt is to be noted that x, is not defined
in the same way as Siratford's. The final (separa-
tien) point of the ¢urves shows the maximum pressure-
recovery achieved. It is seen that Cp/Cfo varies
from 183 to 210, while the theoretical predicted
value is 209, The gradients may be classified in 3
rongh empirical fashlon by the xﬂxo values where
Cp/Ct, equals 50 and 90% of the final value.

X |aCp _enodl % Ce _ga® c
NData Set .i—od@Cﬁ'SOA 'R'o_]@ ;.'904 EE',
I 1.23 1.35 183
II 1.45 1.80 211
I11 1.45 - 2.07 197
Iv 3.05 11.2 209
v 1.10 1.76 195

Tt is seen that Stratford's equilibrium gradient is
the sironaest at the 50% point, while Clauser's
equilibrium gradient is the weakest. It may be
noted that Stratford's gradient has the general
shape of the wall pressure of a turbulent boundary-
layer under a nermal shock wave. Clauser's gradient
appears to be very weak because the initizl Reynolds

Mumber is very low and xg is smallj it is seen how
the pressure~recovery capability of the boundary-
layer is taken into account into the streamwise
length normalization. Fig. 8 shows Cfo vs. Cpgs
there is good agreement for all five experimental
references, ranging from C,_ = 0.%0 to Cpg = 0.826.
It is well known that the ¢ustomary H criterion for
separation would fail for both equilibrium cases
(Iv and V). It is to be repeated here that the
present theory predicts the maximum pressure-
recovery ratio achievable, not a local profile-form
parameter or a local pressure-gradient parameter
for separation.

In addition, in Fig. 8 there are plotted four
supersonic points at Mach numbers of 2 and 3, to
demonstrate the case of very low pressure-recover-
ies and skin-friction values, taken from the work
of Donaldson and Lanqel7.

It 1s to be noted that the separation criter-
ion of the present theory seems to be well verified
by a range of experimental data despite the simpli-
fied assumption of an exactly constant total-head
line.

It appears from these results that, since the
maximum pressure-recovery depends only on the
initial skin friction C¢ , the strongest gradient
may be employed to reducé the streamwise length
required for such pressure recovery., As a crude
approximation it may be said, considering curve T
of Fig. 7, that a length x-x/%c = 0.4 can be a
minimum required to produce Cpg = 200 Cf,. This
rule can assist the hydrodynamic designer in select~
ing the pressure distribution shape of hydrofoils
and submerged bodiegs for any particular Reynolds
Mumber of operation. If however less than Cpg is
required, then the curve V should be followed, up
to Cp/Cfo = 130, to provide the shortest streamwise
length.

As an illustration of this approach, a 3:1
fineness-ratio submerged body will be considered,
desioned to have a Griffith-tvpe step-pressure
distribution, with the pressure discontinuity at 85%
length. The overall pressure-recovery ratio re-
quired is Cp = 0.64, from 85% length to the tailj
typically a suction boundary-layer control slot is
employed to enable the pressure jump to be negotiat~
ed without separation. However, i1f Cfy, @ 85¥%
length ¢an be equal te, or greater than, 0.0032,
then some pressure distribution (as in Fig. 7) may
be employed to negetiate the same pressure-recovery
without boundary-layer control; however, it is
found that: Xo/L = 2 x 109/Rp, for Cf, = 0.0032

where Rp = UpL/w
and Rf, = 1.3 x 106 to provide Cf, = 0.0032 with
transition @ 10% length. Thus %3/L = 1.54. Taking
¥=%o/%0 = 0.4 {as for curve I of Fig. 7) as the
shortest streamwise distance, then x~xo/x0 = a%/L =
0,615. This means that while 8%/L = 0.15 is avail-
able for pressure recovery, AX/L = 0.615 is required
as a minimum. Furthermore, the maximum body
Reynolds Number is Ry = 1.3 x 100 so as to provide
the required initial skin friction for avoidance of
separation. This example illustrates the useful-
ness of the present theory for hydrodynamic design
as$ a function of Reynolds Number or inversely for
extrapelating model test results to prototype's.

Skin Friction

The skin~friction coefficients under adverse



pressure gradients ard completely given in Data Sets
II and III, measured by hot-wire and vall-type heat-
transfer instruments respectively. The hot-wire
data have been reduced by 25% so as to obtain agree-
ment with conventional data at the starting point.
The initial skin friction values are well defined.
Erom Data Set III, however, thers are obtained dats
only for a partial test length fram %/¥s = 3465 to
%/%s = 14,43 the initial skin-friction value is
obtained from the flat-plate curve extrapolated to
x=15", %/Xo = l. The initial value Cf, is joined to
the test data by a faired interpolation.

Fig. 9 presents the data from Seis IT, III and
IV in the normalized form Cf/Cf, vs. x/%o. Figure
10 shows a plot of Cf vs. x/&o from Set IIy in ad-
dition to the present theory, there are plotted
curves for the Ludwisg-Tillman (Ref. 7} and the
Falkner {Ref. 10) skin friction formulas, using
experimental values for RG and H. The present
theory is ih excellent agreement with the hot-wire
data (reduced by 25%}; the Ludwieg-Tillman curve is
also in good agreement, particularly with the points
corresponding to the u* values used in Fig. 2. The
Falkner flat-plate formula, as expected, pfedicts
consistently high skin-friction values. The
average true skin-friction is seen to be substantlial-
ly less than the flat-plate averages; this clearly
undermings the commonly-used concept of computing
total drag coefficient based on wetted body surface-
area to be compared with flat-plate values, so as to
determine by their difference the amount of pressure
{form) drag.

In Fig, 10 the Ludwieg-Tillman turve could be
used to determine approximately separation by draw-
ing a tangent at the point of inflection @ /% =
1.78. Figure 11 shows a plot of Cf vs. x/xo from
Set ITI. It is seen that the present theory is in
falr agreement with the heat-transfer data. The
Ludwieg-Tillman curve is in better agreement (using
experimental Rg and H values); again it could be
used as above to determine approximately separation
by drawing a tangent to the point of inflexion at
x/%a = 2.045,

Fig. 12 shows a plot of Cf vs. x/%o from Set IV
The agreement with the theory is poor; however, the
initial point {by definition) and the final point
are correct, thus demenstrating at least the right
trend, It is clear that the poor agreement is due
to the assumption of constant total head at v = vye¢.
Figure 5 from Set V demenstrates that the total-
head ¢an decrease and then increase agains if this
was taken inte account the agreement would be good.
Unfortunately more and better data are needed in
order to study the functional relationship of the
parameter h—Pm/%-QUMQ at y = ye with the pressure-
gradient distribution and to arrive at an analyti-
cal expression.

The computed constant-pressure curve is about
300% higher on the average than the true skin-
friction; this dramatizes the inadequacy, as pointed
out above, of the concept of total-drag coefficient
based on wetted surface-area. The Ludwieg~-Tillman
formula is seen to fail in this case, due to the
apparently decreasing trend of H; it cannot be used
at all to predict separation.

CONCLUSTIONG

The present turbulent separation criterion
appears to have adequate experimental verification

including the two cases of equilibrium boundary-
layers. The H criterion of separation have been
shown previously to be invalid by the equilibrium
boundary-layer with flattening or decreasing H
trends. Also the Ludwieg-Tillman skin-friction
formula is shown to fail with the equilibrium
boundary-layer even when applied with experimental
values, thus it cannot be relied upon to determine
separation by extrapolation. The Stratford separa-
tion equation cannot yield any information for the
equilibrium pressure gradient at zero skin friction
by its very definition. The simplified assumption
of the constant total-head line does not seem to
affect the validity of the prediction of the maxi-
mum pressure~recovery ratio as a function of
initial skin friction ceefficient.

Since the skin friction will decrease with
increasing Reynolds Number, the maximum pressure-
recovery will also decrease and pressure-drag loss-
es will increase, This is to be taken into account
in the extrapolation of model test data to proto-
type values through a wide Reynolds Number range,
such as 107 for the model and 109 for a submarine
prototype. As a consequence of the present separa-
tion theory, hydrofoils and submerged bodies may
now be analyzed at the proper Reynolds Number,
taking into account transition location, the parti-
cular pressure distribution profile and also hull
vibration {as it affects the skin-friction).

It is to be noted that a calculated inviscid
pressure-distribution profile will not be univer-
sally suitable for any Reynolds Numbers, becduse of
the change of the maximum pressure-recovery ratio.
Therefore such profile must be designed for the
desired operational condition.

The skin-friction computed by the present
theory appears to be affected by the simplified
assumption of the constant total-head line. The
experimentzl agreement is good for conventicnal
linear gradients but poor with the equilibrium
boundary-layers. However, even in these cases the
theoretical trend is correct.

The Ludwieg-~Tillman skin-friction formulaz shows
good agreement with the conventional linear grad-
ients but it fails with the equilibrium boundary-
layers. Since the turbulent skin-friction under
adverse pressure gradients is substantially less
than the corresponding flat-plate values (even when
using the experimental R@), dropping to 30% or less
than 10% for the equilibrium cases, the concept of
total drag coefficient based on wetted surface~area
should be abandoned as misleading. Commonly the
difference between such test coefficient and the
corresponding average flat-plate value is taken to
represent the pressure dragi such procedure may
grossly underestimate the pressure-drag and further-
more affect even more the extrapolation procedure
to higher Reynolds Numbers.
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